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*LYHQ�D�W� ZH�GHILQH�59�D�W�� DV��D�W��  �WRWDO�QXPEHU�RI�DUULYDO�LQWDQWV�WL LQ�LQWHUYDO�����W�� ZLWK��
3^�D�W��  �N` �H[S��OW��>�OW��N�N�@���+HQFH��QXPEHU�RI�SRLQWV�LQ�DQ�LQWHUYDO�RI�OHQJWK�W� LV�DOVR�D��3RLVVRQ�GLVWULEXWHG�59�ZLWK�SDUDPHWHU�D OW� � ZKHUH�O LV�WKH�GHQVLW\�RI�SRLQWV��FDOO�DUULYDOV����,I�WKH�UDQGRP�SURFHVV�D�W��LV�WKH�WRWDO�QXPEHU�RI�FDOO�DUULYDOV�XQWLO�WLPH�W��
WKHQ��WKH�SUREDELOLW\�RI�KDYLQJ�Q�QHZ�DUULYDOV�LQ��W��W�W� LV��
3^�D�W�W� ��D�W� Q` �H�OW�>�OW�Q�Q�@��
ZKHUH�W LV�D�WLPH�LQWHUYDO������8VHU�VHUYLFH�WLPH�+��$YHUDJH�GXUDWLRQ�RI�FDOOV��RU�DYHUDJH�KROGLQJ�WLPH����6HUYLFH�WLPHV�DUH�PRGHOOHG�E\�D�59�ZKLFK�LV�H[SRQHWLDOO\�GLVWULEXWHG�ZLWK�PHDQ�GXUDWLRQ�RI�+��7KH�SUREDELOLW\�WKDW�WKH�VHUYLFH�WLPH�VQ RI�QWK�XVHU�LV�OHVV�WKDQ�VRPH�FDOO�GXUDWLRQ�V�LV�PRGHOOHG�DV���
3^VQ � V`�  ����H[S��PV��� IRU�V!��
� | PV LI��PV �����
ZLWK�P ��+��WKH�PHDQ�VHUYLFH�UDWH� DQG���
I�V� �P H[S��PV����7KH�GXUDWLRQ�RI�HYHU\�FDOO�LV�LQGHSHQGHQW�IURP�WKH�RWKHU��7KHUHIRUH���3^�WKH�GXUDWLRQ�RI�DW�OHDVW�RQH�FDOO��RXW�RI�L�FXUUHQW�FDOOV�LQ�WKH�V\VWHP���LV�OHVV�WKDQ�V`�  �3^V� � V`��3^V� � V`�«��3^VL � V`�� | LPV IRU�VPDOO�PV���



���$�WUXQNHG�V\VWHP���7KH�RSHUHDWLRQ�RI�D�WUXQNHG�V\VWHP�LV�D�FRQWLQXRXV�WLPH�±�GLVFUHWH�VWDWH�UDQGRP�SURFHVV���&RQWLQXRXV�WLPH��FDOO�FDQ�DUULYH�DW�DQ\�WLPH�'LVFUHWH�VWDWH�� WKHUH�FDQ�EH�GLVFUHWH�QXPEHU�RI�XVHUV��VWDWH�RI�WKH�V\VWHP�DW�DQ\�WLPH�LQVWDQW�LV�WKH�QXPEHU�RI�FXUUHQW�XVHUV�WDONLQJ�LQ�WKH�V\VWHP���7KLV�SURFHVV�FDQ�EH�PRGHOOHG��DQ�DSSUR[LPDWLRQ��DV�D�FRQWLQXRXV�WLPH��GLVFUHWH�VWDWH�0DUNRY�SURFHVV���
:H FDQ�VDPSOH�WKLV�V\VWHP�DW�HYHU\�G VHFRQGV�E\�VDPSOLQJ�WKH�QXPEHU�RI�FXUUHQW�XVHUV��,I�ZH�WDNH�WKHVH�VDPSOHV�DV�WKH�VWDWH�WKH�V\VWHP��WKHQ�WKH�V\VWHP�LV�GLVFUHWL]HG�RQ�WLPH�D[LV�DOVR��2SHUDWLRQ�EHFRPHV���'LVFUHWH�WLPH��GLVFUHWH�VWDWH�0DUNRY�SURFHVV���
$ IXUWKHU�VLPSOLILFDWLRQ�LQ�PRGHOOLQJ�WKLV�RSHUDWLRQ�LV�SRVVLEOH�ZKHQ��G LV�
GHFUHDVHG��$VVXPH�WKDW�ZH�NHHS�G VXIILFLHQWO\�VPDOO�VXFK�WKDW��RQO\�D�VLQJOH�RQH�RI�WKH�IROORZLQJ�HYHQWV�FDQ�WDNH�SODFH�ZLWKLQ�WKLV�LQWHUYDO��x $ FXUUHQW�FDOO�FDQ�ILQLVK�� L�H��1N  L��1N��� L����x 1RWKLQJ�KDSSHQV��� � L�H��1N  L��1N��� L���x $ QHZ�FDOO�DUULYHV�� � L�H��1N  L��1N��� L�������7KH��QH[W�VWDWH�FDQ�EH�DW�PRVW�RQH�XVHU�PRUH�RU�RQH�XVHU�OHVV��SXW�LQ�PRUH�ULJRURXV�WHUPV��WKH�SUREDELOLW\�����3^�QH[W�VWDWH�FDQ�EH�DW�PRVW�RQH�XVHU�PRUH�RU�RQH�XVHU�OHVV�`�LV�LQVLJQLILFDQW����1RZ��OHW��

1N 1�NG� LV�WKH�QXPEHU�RI�RFFXSLHG�FKDQQHOV�LQ�WKH�V\VWHP��RU�WKH�
QXPEHU�RI�XVHUV�LQ�WKH�V\VWHP��DW�W� �NG�
1N���FDQ�RQO\�EH�HTXDO�WR�1N ±���1N� 1N ����
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$W�DQ\�LQVWDQW��VWDWH�RI�WKH�V\VWHP�FDQ�RQO\�EH�LQ�DQ\�RQH�RI�WKH�QRGHV��
�FLUFOHV���3LM�DUH�FDOOHG�WKH�WUDQVLWLRQ�SUREDELOLWLHV�RI�WKH�SURFHVV��ZKHUH�L�M ��������������&���$ 0DUNRY�SURFHVV�LQ�PRVW�JHQHUDO�VHQVH��FRQWLQXRXV�WLPH�FRQWLQXRXV�VWDWH��LV�D�VWRFKDVWLF�SURFHVV�ZKRVH�SDVW�KDV�QR�LQIOXHQFH�RQ�WKH�IXWXUH��LI�LWV�SUHVHQW�VWDWH�LV�VSHFLILHG� $�GLVFUHWH�WLPH�0DUNRY�FKDLQ� LV�D�GLVFUHWH�0DUNRY�SURFHVV�ZKLFK�KDV�FRXQWDEOH�QXPEHU�RI�VWDWHV� DV�LQ�WKLV�FDVH��$�0DUNRY�FKDLQ�LV�VSHFLILHG�LQ�WHUPV�RI�LWV�VWDWH�SUREDELOLWLHV�
SM>N@ �3^1N M`� � � M ��������������&��WKH�YDOXH�RI�WKH�VWDWH���DQG�WKH�WUDQVLWLRQ�SUREDELOLWLHV��
3LM>N�O@ �3^�1N  M�_�1O L`�� L�M ��������������&��YDOXHV�RI�VWDWHV�1O DQG�1N�DQG�N��O�DUH�WLPH�LQVWDQWV�W �NG DQG�W �OG�
3LM>N�O@ �3^�1N  M�_�1O L`�LV�WKH�SUREDELOLW\�RI�WUDQVLWLRQ�IURP�VWDWH�L�WR�DQRWKHU�VWDWH��,I�ZH�VXP�WKHVH�XS�RYHU�DOO�VWDWHV��RYHU�M �����������L�������&���6 3LM>N�O@ �����M�
$OVR��VLQFH��3^�1N  M�_�1O L`�3^1O L`�  �3^�1N  M��1O L`��
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6 SL>O@�3LM>N�O@�  6 3^1O L`�3^�1N  M�_�1O L`���L� � � �����L�
�  6 3^�1N  M���1O L`� � � �� L

 3^1N M`��  �SM>N@���:H�PXVW�GHWHUPLQH�WKH�WUDQVLWLRQ�SUREDELOLWLHV��5HFDOO�WKDW��
3^�D�W�G� ��D�W� Q` �H�OG�>�OG�Q�Q�@����DQG��
3^VQ � G` ����H�PG���7KHQ��3��>N����N@ �3^WKHUH�DUH�QR�FDOO�DUULYDOV�GXULQJ�WLPH�LQWHUYDO�>NG� �N���G@��JLYHQ�WKDW�WKH�VWDWH�ZDV�1N ��DW�W �NG`LV�VLPSO\�HTXDO�WR�WKH�SUREDELOLW\�RI�KDYLQJ�QR�FDOO�DUULYDOV�LQ�>NG� �N���G@��RU���3��>N����N@� �H�OG�>�OG�����@ �H�OG�| ��OG� IRU�VPDOO�OG�
:H�VKDOO�GHQRWH�3��>N����N@�E\�3���RQO\�IURP�KHUH�RQZDUGV���6LPLODUO\���3�� 3��>N����N@ �3^�1N��� ��_�1N �`� 3^�VWDWH�ZDV���DW�W NG DQG�RQH�FDOO�DUULYHG�LQ�>NG� �N���G@`�
�  �H�OG�>�OG�����@�

 �OG�H�OG� | �OG����OG�| OG� IRU�VPDOO�OG�
3�� 3��>N����N@ �3^�1N��� ��_�1N �`��  �3^VWDWH�ZDV���DQG�WKDW�FDOO�ILQLVKHG�LQ�>NG� �N���G@`�
�  ����H�PG�| PG� IRU�PG�������6LPLODUO\��DURXQG�VWDWH�L���3L�L�� 3^�1N�� L���_�1N L`�| OG�



DQG��3L�L�� 3^�1N�� L���_�1N L` 3^�RQH�FDOO�RXW�RI�L�FDOOV�ILQLVKHG�LQ�>NG� �N���G@`��  �3^V� � G`��3^V� � G`�«��3^VL � G`
 L�����H�PG�| LPG� IRU�PG������VLQFH�WKH�HYHQWV�DUH�LQGHSHQGHQW���:H�NQRZ�WKDW�WKH�WRWDO�RXW�JRLQJ�SUREDELOLW\�IURP�D�QRGH�PXVW�VXP�XS�WR�XQLW\�LQ�D�0DUNRY�FKDLQ���3L�L���3L�L�3L�L�� ��� 3L�L� ��3L�L���3L�L��� ��OG���LPG����:H�FDQ�QRZ�UHGUDZ�WKH�0DUNRY�FKDLQ�DV�

�
%XW�D�0DUNRY�SURFHVV�LV�DOVR�0DUNRY�LI�WKH�WLPH�LV�UHYHUVHG��
�3^�1N��_ 1N` 3^1N` �3^�1N��� 1N` �3^�1N_ 1N��` 3^1N��`���
1RZ��IRU�DQ\�Q�d &
3^1N Q��`�3^�1N�� Q_�1N Q��` �3^1N Q��`�OG� 3^1N�� Q`�3^�1N Q���_�1N�� Q` �3^1N�� Q`�QPG�

� 3^1N Q��`�OG�  �3^1N�� Q`�QPG���RU�3Q���OG� 3Q �QPG�
� O3Q�� QP3Q �
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7KH�WRWDO�RIIHUHG�WUDILF�LV�$� �O+ O�P (UODQJV��7KHQ�� &3&  ^�$�&�&�`�^6 �$�L �L�` �*26� �3UREDELOLW\�RI�EORFNLQJ�� L ��
�
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	Derivation of Erlang B formula:
	Consider a system with C channels and U users. Then
	pk reaches to maximum at k=[ (];
	P{sn < s}	= 1- exp(-(s) 	for s>0


